The study of extremal problems on triangle areas was initiated in a series of papers by Erdős and Purdy in the early 1970s. Here we present new results on such problems, concerning the number of triangles of the same area that are spanned by finite point sets in the plane and in 3-space, and the number of distinct areas determined by the triangles.
INTRODUCTION
Given n points in the plane, consider the following equivalence relation defined on the set of (nondegenerate) triangles spanned by the points: two triangles are equivalent if they have the same area. Extremal problems typically ask for the maximum cardinality of an equivalence class, and for the minimum number of distinct equivalence classes, in a variety of cases. A classical example is when we call two segments spanned by the given points equivalent if they have the same length. Bounding the maximum size of an equivalence class is the famous repeated distances problem [7, 17, 33, 34] , and bounding the minimum number of distinct classes is the equally famous distinct distances problem [7, 17, 23, 32, 34, 36] . Here we make progress on several old extremal problems on triangle areas in two and in three dimensions. We also study some new and interesting variants never considered before. Due to page limitation, many proofs are omitted from this extended abstract; they can be found in the full version [14] .
In 1967, A. Oppenheim (see [20] ) asked the following question: Given n points in the plane, how many triangles spanned by the points can have the same area A? W.l.o.g. A = 1. Erdős and Purdy [18] showed that a √ log n×(n/ √ log n) section of the integer lattice determines Ω(n 2 log log n) triangles of the same area. They also showed that the maximum number of such triangles is at most O(n 5/2 ). In 1992, Pach and Sharir [28] improved the exponent and obtained an O(n 7/3 ) upper bound using the Szemerédi-Trotter theorem [35] on the number of point-line incidences. We further improve the upper bound by estimating the number of incidences between the points and a 4-parameter family of quadratic curves. We show that n points in the plane determine at most O(n 44/19 ) = O(n 2.3158 ) unit-area triangles. We also consider the case of points in convex position, for which we construct n-element point sets that span Ω(n log n) triangles of unit area.
Braß, Rote, and Swanepoel [8] showed that n points in the plane determine at most O(n 2 ) minimum-area triangles, and they pointed out that this bound is asymptotically tight. We introduce a simple charging scheme to first bring the upper bound down to n 2 − n and then further to 2 3 (n 2 − n). Our charging scheme is also instrumental in showing that a √ n × √ n section of the integer lattice spans (6/π 2 − o(1))n 2 triangles of minimum area. In the lower bound constructions, there are many collinear triples and most of the minimum-area triangles are obtuse. We show that there are at most O(n) acute triangles of minimum (nonzero) area, for any n-element point set. We also show that n points in (strictly) convex position determine at most O(n) minimum-area triangles-these bounds are best possible apart from the constant factors. If no three points are allowed to be collinear, we construct n-element point sets that span Ω(n log n) triangles of minimum area. Next we address analogous questions for triangles in 3space. As mentioned earlier, Erdős and Purdy [18] showed that a suitable n-element section of the integer lattice determines Ω(n 2 log log n) triangles of the same area. Clearly, this bound is also valid in 3-space. In the same paper, via a forbidden graph argument applied to the incidence graph between points and cylinders whose axes pass through the origin, Erdős and Purdy deduced an O(n 5/3 ) upper bound on the number of unit-area triangles incident to a common point, and thereby an O(n 8/3 ) upper bound on the number of unit-area triangles determined by n points in 3-space. Here, by applying a careful (and somewhat involved) analysis of the structure of point-cylinder incidences in R 3 , we prove a new upper bound of O(n 17/7 β(n)) = O(n 2.4286 ), for β(n) = exp(α(n) O(1) ), where α(n) is the extremely slowly growing inverse Ackermann function.
The number of triangles with some extremal property might go up (significantly) when one moves up one dimension. For instance, Braß, Rote, and Swanepoel [8] have shown that the number of maximum area triangles in the plane is at most n (which is tight). In 3-space we show that this number is at least Ω(n 4/3 ) in the worst case. In contrast, for minimum-area triangles, we prove that the quadratic upper bound from the planar case remains in effect for 3-space, with a different constant of proportionality.
It was conjectured [7, 9, 21] that n points in R 3 , not all on a line, determine at least ⌊(n − 1)/2⌋ distinct triangle areas. This bound has recently been established in the plane [30] , but the question is still wide open in R 3 . We obtain a first result on this question and show that n points in R 3 , not all on a line, determine at least n 2/3 exp(−α(n) O(1) ) = Ω(n .666 ) triangles of distinct areas. Moreover, all these triangles share a common side.
UNIT-AREA TRIANGLES IN 2-SPACE
We establish a new upper bound on the maximum number of unit-area triangles determined by n points the plane. Theorem 1. The number of unit-area triangles spanned by n points in the plane is O(n 2+6/19 ) = O(n 2.3158 ).
Proof. Let S be a set of n points in the plane. Consider a triangle ∆abc spanned by S. We call the three lines containing the three sides of ∆abc, base lines of ∆, and the three lines parallel to the base lines and incident to the third vertex, top lines of ∆.
For a parameter k, 1 ≤ k ≤ √ n, to be optimized later, we partition the set of unit-area triangles as follows.
• U1 denotes the set of unit-area triangles where one of the top lines is incident to fewer than k points of S.
• U2 denotes the set of unit-area triangles where all three top lines are k-rich (that is, each contains at least k points of S).
We derive separate upper bounds for each of these types, and then balance them by setting k appropriately.
Bound for |U1|. For any two distinct points, a, b ∈ R 2 , let ℓ ab denote the line through a and b. The points c for which the triangle ∆abc has unit area lie on two lines ℓ − ab , ℓ + ab parallel to ℓ ab at distances 2/|ab| on either side of ℓ ab . Thè n 2´s egments determined by S generate at most 2`n 2´s uch lines (counted with multiplicity). If ∆abc ∈ U1 and its top line incident to the fewest points of S is ℓ ′ ab ∈ {ℓ − ab , ℓ + ab }, then ℓ ′ ab is incident to at most k points, so the segment ab is the base of at most k triangles ∆abc ∈ U1 (with c ∈ ℓ ′ ab ). This gives the upper bound
Bound for |U2|. Let L be the set of k-rich lines, and let m = |L|. By the Szemerédi-Trotter theorem [35] , we have m = O(n 2 /k 3 ) for any k ≤ √ n. Furthermore, the cardinality of the set I(S, L) of point-line incidences between S and L is |I(S, L)| = O(n 2 /k 2 ). For any pair of nonparallel lines ℓ1, ℓ2 ∈ L, let γ(ℓ1, ℓ2) denote the locus of points p ∈ R 2 , p ∈ ℓ1 ∪ ℓ2, such that the parallelogram that has a vertex at p and two sides along ℓ1 and ℓ2, respectively, has area 2. The set γ(ℓ1, ℓ2) consists of two hyperbolas with ℓ1 and ℓ2 as asymptotes. See Figure 1 . For instance, if ℓ1 : y = 0 and ℓ2 : y = qx, then 
Any two nonparallel lines uniquely determine two such hyperbolas. Let Γ denote the set of these hyperbolas. Note that |Γ| = O(m 2 ). The family of such hyperbolas for all pairs of nonparallel lines form a 4-parameter family of quadratic curves (where the parameters are the coefficients of the defining lines).
For any triangle ∆abc ∈ U2, the top lines ℓ ′ ab and ℓ ′ ac determine a hyperbola passing through a, which is incident to the third top line ℓ ′ bc ; furthermore ℓ ′ bc is tangent 1 to the hyperbola at a. See Figure 1 . Any hyperbola in this 4parameter family is uniquely determined by two incident points and the two respective tangent lines at those points.
We define a topological graph G as follows. For each point p ∈ S, which is incident to dp lines of L, we create 2dp vertices in G, as follows (refer to Figure 2 ). Draw a circle Cε(p) centered at p with a sufficiently small radius ε > 0, and place a vertex at every intersection point of the circle Cε(p) with the dp lines incident to p. The number of vertices is vG = 2|I(S, L)| = O(n 2 /k 2 ). Next, we define the edges of G. For each connected branch γ of every hyperbola in Γ, consider the set S(γ) of points p ∈ S that are (i) incident to γ and (ii) some line of L is tangent to γ at p. For any two consecutive points p, q ∈ S(γ), draw an edge along γ between the two vertices of G that (i) correspond to the incidences (p, ℓp) and (q, ℓq), where ℓp and ℓq are the tangents of γ at p and q, respectively, and (ii) are closest to each other along γ. Specifically, the edge follows γ between the circles C2ε(p) and C2ε(q) and follows straight line segments in the interiors 1 For a quick proof, let u (resp., v) be a unit vector along ℓ ′ ac (resp., ℓ ′ ab ). The point a can be parametrized as x = tu + κ t v, where κ = 2/ sin θ, and θ is the angle between ℓ ′ ac and ℓ ′ ab . Hence the tangent to the hyperbola at a is given
of those circles. Choose ε > 0 sufficiently small so that the circles C2ε(p) have disjoint interiors and the portions of the hyperbolas in the interiors of the circles C2ε(p), for every p ∈ S, meet at p only. This guarantees that the edges of G cross only at intersection points of the hyperbolas. The graph G is simple because two points and two tangent lines uniquely determine a hyperbola in Γ. The number of edges is at least 3|U2| − 4`m 2´≥ 3|U2| − 2m 2 , since every triangle in U2 corresponds to three point-hyperbola incidences in I(S, Γ) (satisfying the additional condition of tangency with the respective top lines); and along each of the 4`m 2h yperbola branches, each of its incidences with the points of S (of the special kind under consideration), except for one, contributes one edge to G. Thus G is a simple topological graph with vG = 2I(S, L) = O(n 2 /k 2 ) vertices and eG ≥ 3|U2| − 2m 2 edges. Since in this drawing of G, every crossing is an intersection of two hyperbolas, the crossing number of G is upper bounded by cr(G) = O(|Γ| 2 ) = O(m 4 ). We can also bound the crossing number of G from below via the Crossing Lemma of Ajtai et al. [4] and Leighton [25] . It follows that
Rearranging this chain of inequalities, we obtain
The total number of unit-area triangles is |U1| + |U2| = O(n 2 k + n 4 /k 16/3 
UNIT-AREA TRIANGLES IN 3-SPACE
Erdős and Purdy [18] showed that a √ log n × (n/ √ log n) section of the integer lattice determines Ω(n 2 log log n) triangles of the same area. Clearly, this bound is also valid in 3-space. They have also derived an upper bound of O(n 8/3 ) on the number of unit-area triangles in R 3 . Here we improve this bound to O(n 17/7 β(n)) = O(n 2.4286 ). We use β(n) to denote any function of the form exp(α(n) O(1) ), where α(n) is the extremely slowly growing inverse Ackermann function. Any such function β(n) is also extremely slowly growing.
Theorem 2. The number of unit-area triangles spanned by n points in R 3 is O(n 17/7 β(n)) = O(n 2.4286 ).
The proof of the theorem is quite long, and involves several technical steps. Let S be a set of n points in R 3 . For each pair a, b of distinct points in S, let ℓ ab denote the line passing through a and b, and let C ab denote the cylinder whose axis is ℓ ab and whose radius is 2/|ab|. Clearly, any point c ∈ S that forms with ab a unit-area triangle, must lie on C ab . The problem is thus to bound the number of incidences betweeǹ n 2´c ylinders and n points, but it is complicated for two reasons: (i) The cylinders need not be distinct. (ii) Many distinct cylinders can share a common generator line, which may contain many points of S.
Cylinders with large multiplicity. Let C denote the multiset of the`n 2´c ylinders C ab , for a, b ∈ S. Since the cylinders in C may appear with multiplicity, we fix a parameter µ = 2 j , j = 0, 1, . . ., and consider separately incidences with each of the sets Cµ, of all the cylinders whose multiplicity is between µ and 2µ − 1. Write cµ = |Cµ|. We regard Cµ as a set (of distinct cylinders), and will multiply the bound that we get for the cylinders in Cµ by 2µ, to get an upper bound on the number of incidences that we seek to estimate. We will then sum up the resulting bounds over µ to get an overall bound.
Let C be a cylinder in Cµ. Then its axis ℓ must contain µ pairs of points of P at a fixed distance apart (equal to 2/r, where r is the radius of C). That is, ℓ contains t > µ points of S. Let us now fix t to be a power of 2, and consider the subset Cµ,t ⊂ Cµ of those cylinders in Cµ that have at least t and at most 2t − 1 points on their axis. By the Szemerédi-Trotter Theorem [35] (or, rather, its obvious extension to 3-space), the number of lines containing at least t points of S is O(n 2 /t 3 + n/t). Any such line ℓ can be the axis of many cylinders in Cµ (of different radii). Any such cylinder "charges" Θ(µ) pairs of points out of the O(t 2 ) pairs along ℓ, and no pair is charged more than once. Hence, for a given line ℓ incident to at least t > µ and at most 2t − 1 points of S, the number of distinct cylinders in Cµ that have ℓ as axis is O(t 2 /µ). Summing over all axes incident to at least t and at most 2t − 1 points yields that the number of distinct cylinders in Cµ,t is
We next sum this over t, a power of 2 between µ and ν, and conclude that the number of distinct cylinders in Cµ having at most ν points on their axis is
Restricted incidences between points and cylinders. We distinguish two types of incidences, which we count separately. An incidence between a point p and a cylinder C is of type 1 if the generator of C passing through p contains at least one additional point of S; otherwise it is of type 2.
We begin with the following subproblem, in which we bound the number of incidences between the cylinders of C, counted with multiplicity, and multiple points that lie on their generator lines, as well as incidences with cylinders with "rich" axes. Specifically, we have the following lemma.
Lemma 1. Let S be a set of n points and C be the multiset of the`n 2´c ylinders C ab , for a, b ∈ S (counted with multiplicity). The total number of all incidences of type 1 and all incidences involving cylinders having at least n 14/45 points on their axis is bounded by O(n 107/45 polylog(n)) = O(n 2.378 ).
Proof. Let L denote the set of lines spanned by the points of S. Fix a parameter k = 2 i , i = 1, . . ., and consider the set L k of all lines that contain at least k and at most 2k−1 points of S. We bound the number of incidences between cylinders in C that contain lines in L k as generators and points that lie on those lines. Formally, we bound the number of triples (p, ℓ, C), where p ∈ S, ℓ ∈ L k , and C ∈ C, such that p ∈ ℓ and ℓ ⊂ C. Summing these bounds over k will give us a bound for the number of incidences of type 1. Along the way, we will also dispose of incidences with cylinders whose axes contain many points.
As already noted, the Szemerédi-Trotter Theorem [35] im-
Line-cylinder incidences. Consider the subproblem of bounding the number of incidences between lines in L k and cylinders in C, where a line ℓ is said to be incident to cylinder C if ℓ is a generator of C. We will then multiply the resulting bound by 2k to get an upper bound on the number of point-line-cylinder incidences involving L k , and then sum the resulting bounds over k.
Generator lines with many points. Let us first dispose of the case k > n 1/3 . Any line ℓ ∈ L k can be a generator of at most n cylinders (counted with multiplicity), because, having fixed a ∈ S, the point b ∈ S such that C ab contains ℓ is determined (up to multiplicity 2). Hence the number of incidences between the points that lie on ℓ and the cylinders of C is O(nk). Summing over k = 2 i > n 1/3 yields the overall bound
Hence, in what follows, we may assume that k ≤ n 1/3 . In this range of k we have
Axes with many points. Let us also fix the multiplicity µ of the cylinders under consideration (up to a factor of 2, as above). The number of distinct cylinders in Cµ having between t > µ and 2t−1 points on their axes, is O(n 2 /(tµ)+ nt/µ); see (1) . While the first term is sufficiently small for our purpose, the second term may be too large when t is large. To avoid this difficulty, we fix another threshold exponent z < 1/2 that we will optimize later, and handle separately the cases t ≥ n z and t < n z . That is, in the first case, for t ≥ n z a power of 2, we seek an upper bound on the overall number of incidences between the points of S and the cylinders in C whose axis contains between t and 2t − 1 points of S. (For this case, we combine all the multiplicities µ < t together.) By the Szemerédi-Trotter theorem [35] , the number of such axes is O(n 2 /t 3 + n/t).
Fix such an axis α that contains between t and 2t − 1 points of S. It defines Θ(t 2 ) cylinders, and the multiplicity of any of these cylinders is at most O(t). Since no two distinct cylinders in this collection can pass through the same point of S, it follows that the total number of incidences between the points of S and these cylinders is O(nt). Hence the overall number of incidences under consideration
. Summing over all t ≥ n z , a power of 2, we get the overall bound O(n 3−2z ).
Note that this bound takes care of all the incidences between the points of S and the cylinders having at least t ≥ n z points along their axes, not just those of type 1 (involving multiple points on generator lines).
Cylinders with low multiplicity. We now confine the analysis to cylinders having fewer than n z points on their axis, and go back to fixing the multiplicity µ, which we may assume to be at most n z . We thus want to bound the number of incidences between λ k distinct lines and c µ,≤n z distinct cylinders in Cµ, for given k ≤ n 1/3 , µ ≤ n z . Note that a cylinder can contain a line if and only if it is parallel to the axis of the cylinder, so we can split the problem into subproblems, each associated with some direction θ, so that in the θ-subproblem we have a set of some c (λ
Note that, for any fixed θ, we have λ µ ≤ n 1+z /µ. The former inequality is trivial. To see the latter inequality, note that an axis with t < n z points defines`t 2ć ylinders. Since we only consider cylinders with multiplicity Θ(µ), the number of distinct such cylinders is O(t 2 /µ), and the number of lines (of direction θ) with about t points on them is at most n/t, for a total of at most O(nt/µ) distinct cylinders. Partitioning the range µ < t ≤ n z by powers of 2, 2 We use the bound from [26] , which is slightly better than the previous ones.
as above, and summing up the resulting bounds, the bound c (θ) µ ≤ n 1+z /µ follows. Summing over θ, and using Hölder's inequality, we have (here x is a parameter between 2/11 and 6/11 that we will fix shortly)
We need to multiply this bound by Θ(kµ). Substituting the bounds λ k = O(n 2 /k 3 ) from (3), and c µ,≤n z = O(n 2 /µ 2 + n 1+z /µ) from (2), we get the bound
" n 2+(4−2z)/11+xz µ x−9/11 + + n (15+9z)/11+x µ 2/11 " log 2/11 n ! .
Choosing x = 5/22 (the smallest value for which the exponent of k is non-positive), the first term becomes O(n 2+4/11+z/22 log 2/11 n), which we need to balance with O(n 3−2z ); for this, we choose z = 14/45 and obtain the bound O(n 107/45 log 2/11 n); for this choice of z, recalling that µ < n z , the second term is dominated by the first. Summing over k, µ only adds logarithmic factors, for a resulting bound O(n 107/45 polylog(n)) = O(n 2.378 ).
Similarly, we have (with a different choice of x, soon to be made)
Multiplying by kµ and arguing as above, we get
We choose here x = 1/6 and note that, for z = 14/45 and µ < n z , the bound is smaller than O(n 7/3 ), which is dominated by the previous bound O(n 2.378 ). Finally, the linear terms in (4), multiplied by kµ, sum to
which, by our assumptions on k, µ, and z is also dominated by O(n 107/45 polylog(n)). Summing over k, µ only add logarithmic factors, for a resulting overall bound O(n 107/45 polylog(n)) = O(n 2.378 ). This completes the proof of Lemma 1.
2
It therefore remains to count point-cylinder incidences of type 2, involving cylinders having at most n 14/45 points on their axes.
The intersection pattern of three cylinders. We need the following consequence of Bézout's theorem [22] . Lemma 2. Let C, C1, C2 be three cylinders with no pair of parallel axes. Then C ∩ C1 ∩ C2 consists of at most 8 points.
Point-cylinder incidences. Using the partition technique [10, 29] for disjoint cylinders in R 3 , we show the following:
Lemma 3. For any parameter r, 1 ≤ r ≤ min{m, n 1/3 }, the maximum number of incidences of type 2 between n points and m cylinders in 3-space satisfies the following recurrence:
for some slowly growing function β(n), as above.
Proof. Let C be a set of m cylinders, and S be a set of n points. Construct a (1/r)-cutting of the arrangement A(C). The cutting has O(r 3 β(r)) relatively open pairwise disjoint cells, each crossed by at most m/r cylinders and containing at most n/r 3 points of S [11] (see also [31, p. 271] ); the first property is by definition of (1/r)-cuttings, and the second is enforced by subdividing cells with too many points. The number of incidences between points and cylinders crossing their cells is thus O(r 3 β(r)) · I " n r 3 , m r " .
(Note that any incidence of type 2 remains an incidence of type 2 in the subproblem it is passed to.)
It remains to bound the number of incidences between the points of S and the cylinders that contain their cells. Let τ be a (relatively open) lower-dimensional cell of the cutting. If dim(τ ) = 2 then we can assign any point p in τ to one of the two neighboring full-dimensional cells, and count all but at most one of the incidences with p within that cell. Hence, this increases the count by at most n.
If dim(τ ) = 0, i.e., τ is a vertex of the cutting, then any cylinder containing τ must cross or define one of the fulldimensional cells adjacent to τ . Since each cell has at most O(1) vertices, it follows that the total number of such incidences is O(r 3 β(r)) · (m/r) = O(mr 2 β(r)).
Suppose then that dim(τ ) = 1, i.e., τ is an edge of the cutting. An immediate implication of Lemma 2 is that only O(1) cylinders can contain τ , unless τ is a line, which can then be a generator of arbitrarily many cylinders.
Since we are only counting incidences of type 2, this implies that any straight-edge 1-dimensional cell τ of the cutting generates at most one such incidence with any cylinder that fully contains τ . Non-straight edges of the cutting are contained in only O(1) cylinders, as just argued, and thus the points on such edges generate a total of only O(n) incidences with the cylinders. Thus the overall number of incidences in this subcase is only O(n + r 3 β(r)). Since r ≤ m, this completes the proof of the lemma. 
Proof. Let C be a set of m cylinders, and S be a set of n points. We first derive an upper bound of O(n 5 + m) on the number of incidences of type 2 between C and S. We represent the cylinders as points in a dual 5-space, so that each cylinder C is mapped to a point C * , whose coordinates are the five degrees of freedom of C (four specifying its axis and the fifth specifying its radius). A point q ∈ R 3 is mapped to a surface q * in R 5 , which is the locus of all points dual to cylinders that are incident to q. With an appropriate choice of parameters, each surface q * is semi-algebraic of constant description complexity. By definition, this duality preserves incidences. After dualization, we have an incidence problem involving m points and n surfaces in R 5 . We construct the arrangement A of the n dual surfaces, and bound the number of their incidences with the m dual points as follows. The arrangement A consists of O(n 5 ) relatively open cells of dimensions 0, 1, . . . , 5. Let τ be a cell of A. We may assume that dim(τ ) ≤ 4, because no point in a full-dimensional cell can be incident to any surface.
If τ is a vertex, consider any surface ϕ that passes through τ . Then τ is a vertex of the arrangement restricted to ϕ, which is a 4-dimensional arrangement with O(n 4 ) vertices. This implies that the number of incidences at vertices of A is at most n · O(n 4 ) = O(n 5 ).
Let then τ be a cell of A of dimension ≥ 1, and let u denote the number of surfaces that contain τ . If u ≤ 8 then each point in τ (dual to a cylinder) has at most O(1) incidences of this kind, for a total of O(m).
Otherwise, u ≥ 9. Since dim(τ ) ≥ 1, it contains infinitely many points dual to cylinders (not necessarily in C). By Lemma 2, back in the primal 3-space, if three cylinders contain the same nine points, then the axes of at least two of them are parallel. Hence all u points lie on one line or on two parallel lines, which are common generators of these pair of cylinders. In this case, all cylinders whose dual points lie in τ contain these generator(s). But then, by definition, the incidences between these points and the cylinders of C whose dual points lie on τ are of type 1, and are therefore not counted at all by the current analysis. Since τ is a face of A, no other point lies on any of these cylinders, so we may ignore them completely.
Hence, the overall number of incidences under consideration is O(n 5 + m).
If m > n 5 , this bound is O(m). If m < n 1/3 , we apply Lemma 3 with r = m, which then yields that each recursive subproblem has at most one cylinder, so each point in a subproblem generates at most one incidence, for a total of O(n) incidences. Hence, in this case (5) implies that the number of incidences between C and S is O(n + m 3 β(m)) = O(nβ(n)).
Otherwise we have n 1/3 ≤ m ≤ n 5 , so we can apply Lemma 3 with parameter r = (n 5 /m) 1/14 ; observe that 1 ≤ r ≤ min{m, n 1/3 } in this case. Using the above bound for each of the subproblems in the recurrence, we obtain I(n/r 3 , m/r) = O((n/r 3 ) 5 + m/r), and thus the total number of incidences of type 2 in this case is
The choice r = (n 5 /m) 1/14 yields the bound (6) . Combining this with the other cases, the bound in the lemma follows. 2
We are now ready to complete the proof of Theorem 2.
Proof of Theorem 2:
We now return to our original setup, where the cylinders in C may have multiplicities. We fix some parameter µ and consider, as above, all cylinders in Cµ, and recall our choice of z = 14/45. The case µ ≥ n z is taken care of by Lemma 1, accounting for at most O(n 107/45 polylog(n)) incidences. In fact, Lemma 1 takes care of all cylinders that contain at least n z points on their axes. Assume then that µ < n z , and consider only those cylinders in Cµ containing fewer than n z points on their axes. By (2), we have c µ,≤n z = O(n 2 /µ 2 ). Consequently, the number of incidences with the remaining cylinders in Cµ, counted with multiplicity, but excluding multiple points on the same generator line, is
Summing over all µ ≤ n z (powers of 2), and adding the bound O(n 107/45 polylog(n)) = O(n 2.378 ) from Lemma 1 on the other kinds of incidences, we get the desired overall bound of O(n 17/7 β(n)) = O(n 2.4286 ). 
OTHER RESULTS
In this section we present other results concerning the minimum number of distinct triangle areas, and several special cases of the unit-area problem, in particular minimum and maximum areas.
Distinct triangle areas in 3-space
Following earlier work by Erdős and Purdy [19] , Burton and Purdy [9] , and Dumitrescu and Tóth [15] , Pinchasi [30] has recently proved that n noncollinear points in the plane always determine at least¨n −1 2˝d istinct triangle areas, which is attained by n equally spaced points distributed evenly on two parallel lines. No linear lower bound is known in 3-space, and the best we can show is the following:
Theorem 3. Any set S of n points in R 3 , not all on a line, determines at least Ω(n 2/3 /β(n)) triangles of distinct areas, for some extremely slowly growing function β(n). Moreover, all these triangles share a common side.
For the proof, we first derive a new upper bound (Lemma 5) on the number of point-cylinder incidences in R 3 , for the special case where the axes of the cylinders pass through the origin. Consider a set C of m such cylinders. These cylinders have only three degrees of freedom, and we can dualize them to points in 3-space. Specifically, fix some generic halfspace H whose bounding plane passes through the origin, say, the halfspace z > 0. Then map each cylinder with axis ℓ and radius ̺ to the point on ℓ ∩ H at distance 1/̺ from the origin; and map each point p ∈ H to the cylinder whose axis is the line spanned by op and whose radius is 1/|op|. One can check that this duality preserves point-cylinder incidences.
By (a dual version of) Lemma 2, any three points can be mutually incident to at most eight cylinders whose axes pass through the origin. That is, the bipartite incidence graph (whose two classes of vertices correspond to the points of S and the cylinders of C, respectively, and an edge represents a point-cylinder incidence) is K3,9-free. It follows from the theorem of Kővári, Sós and Turán [24] (see also [27, p. 121] ) that the number of point-cylinder incidences is O(nm 2/3 + m). We then combine this bound with the partition technique of Clarkson et al. [12] , to prove a sharper upper bound on the number of point-cylinder incidences of this kind. Specifically, we have:
Lemma 5. Given n points and m cylinders, whose axes pass through the origin, in 3-space, the number of pointcylinder incidences is O(n 3/4 m 3/4 β(n) + n + m).
Proof. Let C be the set of the m given cylinders, and S be the set of the n given points. Let h be a plane containing the origin, but no point of S, and assume, without loss of generality, that the subset S ′ of points lying in the positive hafspace h + contributes at least half of the incidences with C. If m > n 3 , then the Kővári-Sós-Turán Theorem yields an upper bound of I(S ′ , C) = O(nm 2/3 + m) = O(m). Similarly, if m < n 1/3 , the duality mentioned above leads to the bound I(S ′ , C) = O(mn 2/3 + n) = O(n). For these two cases we have then I(S, C) ≤ 2I(S ′ , C) = O(m + n). Assume henceforth that n 1/3 ≤ m ≤ n 3 .
We apply Lemma 3 with parameter r = ⌊n 3/8 /m 1/8 ⌋, and use the Kővári-Sós-Turán Theorem to bound the number of incidences between the at most n/r 3 points and m/r cylinders in each subproblem. Note that 1 ≤ r ≤ m in the above range of m. The total number of incidences is thus
Putting all three cases together gives the bound in the theorem. 2
Proof of Theorem 3: If there are n/100 points in a plane but not all on a line, then the points in this plane already determine Ω(n) triangles of distinct areas [9] . We thus assume, in the remainder of the proof, that there are at most n/100 points on any plane. According to a result of Beck [6] , there is an absolute constant k ∈ N such that if no line is incident to n/100 points of S, then S spans Θ(n 2 ) distinct lines, each of which is incident to at most k points of S. Since each point of S is incident to at most n − 1 of these lines, there is a point a ∈ S incident to Θ(n) such lines. Select a point of S \ {a} on each of these lines, to obtain a set P of Θ(n) points.
Let t denote the number of distinct triangle areas determined by S, and let α1, α2, . . . , αt denote these areas. For each point b ∈ P and i = 1, 2, . . . , t, we define a cylinder C(ab, αi) with axis (the line spanned by) ab and radius 2αi/|ab|. Every point c ∈ S for which the area of the triangle ∆abc is αi must lie on the cylinder C(ab, αi). Let C denote the set of the O(nt) cylinders C(ab, αi), for b ∈ P and i = 1, 2, . . . , t. For each point b ∈ P , there are n − k = Θ(n) points off the line through ab, each of which must lie on a cylinder C(ab, αi) for some i = 1, 2, . . . , t. Therefore, the number I(S, C) of point-cylinder incidences between S and C is Ω(n 2 ). On the other hand, by Lemma 5, we have Ω(n 2 ) ≤ I(S, C) ≤ O(n 3/4 (nt) 3/4 β(n) + n + nt) = O(n 3/2 t 3/4 β(n)), which gives t = Ω(n 2/3 /β 4/3 (n)) = Ω(n 2/3 /β ′ (n)), for another function β ′ (n) of the same slowly growing type, as required. 
Maximum-area triangles in 3-spacé
Abrego and Fernández-Merchant [1] showed that one can place n points on the unit sphere in R 3 so that they determine Ω(n 4/3 ) pairwise distances of √ 2 (see also [27, p. 191 ] and [7, p. 261] ). This implies the following result:
Theorem 4. For any integer n, there exists an n-element point set in R 3 that spans Ω(n 4/3 ) triangles of maximum area, all incident to a common point.
Proof. Denote the origin by o, and consider a unit sphere centered at o. The construction in [1] consists of a set S = {o} ∪ S1 ∪ S2 of n points, where S1 ∪ S2 lies on the unit sphere, |S1| = ⌊(n − 1)/2⌋, |S2| = ⌈(n − 1)/2⌉, and there are Ω(n 4/3 ) pairs of orthogonal segments of the form (osi, osj) with si ∈ S1 and sj ∈ S2.
Moreover, this construction can be realized in such a way that S1 lies in a small neighborhood of (1, 0, 0), and S2 lies in a small neighborhood of (0, 1, 0), say. The area of every right-angled isosceles triangle ∆osisj with si ∈ S1 and sj ∈ S2 is 1/2. All other triangles have smaller area: this is clear if at least two vertices of a triangle are from S1 or from S2; otherwise the area is given by 1 2 sin α, where α is the angle of the two sides incident to the origin, so the area is less than 1/2 if these sides are not orthogonal.
Our next result shows that the construction in Theorem 4 is almost tight, in the sense that at most O(n 4/3+ε ) maximumarea triangles can be incident to any point of an n-element point set in R 3 , for any ε > 0.
Theorem 5. The number of triangles of maximum area spanned by a set S of n points in R 3 and incident to a fixed point a ∈ S is O(n 4/3+ε ), for any ε > 0.
Assume, without loss of generality, that the maximum area is 1. Similarly to the proof of Theorem 2, we map maximum-area triangles to point-cylinder incidences. Specifically, if ∆abc is a maximum-area triangle spanned by a point set S, then every point of S lies on, or in the interior of, the cylinder with axis ab and radius 2/|ab| (c itself lies on the cylinder). The following lemma gives an upper bound on the number of point-cylinder incidences in this setting. Lemma 6. Let S be a set of n points, and C a set of m cylinders in R 3 , such that the axis of each cylinder passes through the origin, and no point lies in the exterior of any cylinder. Then the number of point-cylinder incidences is O((n 2/3 m 2/3 + n + m) 1+ε ), for any ε > 0.
Proof of Theorem 5: Let A denote the maximum triangle area determined by a set S of n points in R 3 . For every point a ∈ S, consider the system of n − 1 points in S \ {a} and n − 1 cylinders, each defined by a point b ∈ S \ {a}, and has axis ab and radius 2A/|ab|. Every point-cylinder incidence corresponds to a triangle of area A spanned by S and incident to a. Since A is the maximum area, no point of S may lie in the exterior of any cylinder. By Lemma 6, the number of such triangles is O(n 4/3+ε ), for any ε > 0. 2 Theorems 4 and 5 imply the following bounds on the number of maximum-area triangles in R 3 : Theorem 6. The number of triangles of maximum area spanned by n points in R 3 is O(n 7/3+ε ), for any ε > 0. For all n ≥ 3, there exist n-element point sets in R 3 that span Ω(n 4/3 ) triangles of maximum area.
Unit-area triangles for points in convex position in the plane
The construction of Erdős and Purdy [18] with many triangles of the same area, the √ log n × (n/ √ log n) section of the integer lattice, also contains many collinear triples.
Here we consider the unit-area triangle problem in the special case of point sets in strictly convex position, so no three points are collinear. We show that n points in convex position in the plane can determine a superlinear number of unit-area triangles. On the other hand, we do not know of any subquadratic upper bound.
Theorem 7. For all n ≥ 3, there exist n-element point sets in convex position in the plane that span Ω(n log n) unitarea triangles.
Proof. We recursively construct a set Si of ni = 3 i points on the unit circle that determine ti = i3 i−1 unit-area triangles, for i = 1, 2, . . .. Take a circle C of unit radius centered at the origin o. We start with a set S1 of 3 points along the circle forming a unit-area triangle, so we have n1 = 3 points and t1 = 1 unit-area triangles. In each step, we triple the number of points, i.e., ni+1 = 3ni, and create new unit-area triangles, so that ti+1 = 3ti + ni. This implies ni = 3 i , and ti = i3 i−1 , yielding the desired lower bound. The i-th step, i ≥ 2, goes as follows. Choose a generic angle value αi, close to π/2, say, and let βi be the angle such that the three unit vectors at direction 0, αi, and βi from the origin determine a unit-area triangle, which we denote by Di (note that βi lies in the third quadrant). Rotate Di around the origin to each position where its 0 vertex coincides with one of the ni points of Si, and add the other two vertices of Di in these positions to the point set. (With appropriate choices of S1 and the angles αi, βi, one can guarantee that no two points of any Si coincide.) For each point of Si, we added two new points, so ni+1 = 3ni. Also, we have ni new unit-area triangles from rotated copies of Di; and each of the ti previous triangles have now two new copies rotated by αi and βi. This gives ti+1 = 3ti + ni. 
Minimum-area triangles in the plane
The general case. We present a simple charging scheme that gives an upper bound of n 2 − n on the number of minimum (nonzero) area triangles spanned by n points in the plane (Lemma 7). This technique yields a very short proof of the minimum area result from [8] , with a much better constant of proportionality. Moreover, its higher-dimensional variants lead to asymptotically tight bounds on the maximum number of minimum-volume k-dimensional simplices in R d , for any 1 ≤ k ≤ d [16] .
Lemma 7. The number of triangles of minimum (nonzero) area spanned by n points in the plane is at most n 2 − n.
Proof. Let S be a set of n points in the plane. Assign every triangle of minimum area to one of its longest sides. For a segment ab, with a, b ∈ S, let R + ab and R − ab denote the two rectangles of extents |ab| and 2/|ab| with ab as a common side. If a minimum-area triangle ∆abc is assigned to ab, then c must lie in the relative interior of the side parallel to ab in either R + ab or R − ab . If there were two points, c1 and c2, on one of these sides, then the area of ∆ac1c2 would be smaller than that of ∆abc, a contradiction. Therefore, at most two triangles are assigned to each of the`n 2´s egments (at most one on each side of the segments), and so there are at most n 2 − n minimum-area triangles.
By refining our analysis we establish a 2 3 (n 2 − n) upper bound, which leaves only a small gap from our lower bound.
Theorem 8. The number of triangles of minimum (nonzero) area spanned by n points in the plane is at most 2 3 (n 2 − n). The points in the ⌊ √ n⌋ × ⌊ √ n⌋ integer grid span ( 6 π 2 − o(1))n 2 .6079n 2 minimum-area triangles.
Special cases of the minimum-area triangle problem. We consider some new variants of the minimum-area triangle problem for the two special cases (i) where no three points are collinear, and (ii) where the points are in convex position. We also show that the maximum number of acute triangles of minimum area, for any point set, is only linear.
Theorem 9. The maximum number of acute triangles of minimum area determined by n points in the plane is O(n). This bound is asymptotically tight.
For points in strictly convex position we prove a tight Θ(n) bound on the maximum possible number of minimum-area triangles. Note that a regular n-gon has n such triangles, so it remains to show an O(n) upper bound. Also, n points equally distributed on two parallel lines (at equal distances) give a well-known quadratic lower bound, so the requirement that the points be in strictly convex position is essential.
Theorem 10. The maximum number of minimum-area triangles determined by n points in (strictly) convex position in the plane is O(n). This bound is asymptotically tight.
We conjecture that if no three points are collinear, then the maximum number of triangles of minimum area is close to linear. It is not linear, though: It has been proved recently [13] that there exist n-element point sets in the plane that span Ω(n log n) empty congruent triangles. We can modify this construction such that there are no collinear triples of points and such that the Ω(n log n) empty congruent triangles have minimum (nonzero) area. However, we do not know of any sub-quadratic upper bound.
Theorem 11. For all n ≥ 3, there exist n-element point sets in the plane that have no three collinear points and span Ω(n log n) triangles of minimum (nonzero) area.
Minimum-area triangles in 3-space
Place n equally spaced points on the three parallel edges of a right prism whose base is an equilateral triangle, such that inter-point distances are small along each edge. This construction yields 2 3 n 2 − O(n) minimum-area triangles, a slight improvement over the lower bound construction in the plane. Here is yet another construction with the same constant 2/3 in the leading term: Form a rhombus in the xy-plane from two equilateral triangles with a common side, extend it to a prism in 3-space, and place n/3 equally spaced points on each of the lines passing through the vertices of the shorter diagonal of the rhombus, and n/6 equally spaced points on each of the two other lines, where again the interpoint distances along these lines are all equal and small. The number of minimum-area triangles is The following theorem shows that this bound is optimal up to a constant factor. No quadratic upper bound has been previously known for minimum-area triangles in R 3 .
Theorem 12. The number of triangles of minimum (nonzero) area spanned by n points in R 3 is at most n 2 + O(n).
